Abstract. We examine the integers V(n, k) defined by means of
One purpose of this paper is to derive properties of V(n, k) and, in particular, to show how the V(n, k) are related to certain special sequences of numbers. For example, in Section 4 we show that if Gn is the wth Genocchi number, then Gn = Z PA'1 (nV(n-l,;)-(n2)v(n-2,/)), and we prove similar equations involving the Bernoulli numbers, the van der Pol numbers, and the numbers generated by the reciprocal of ex -x -1. (All of these special numbers are defined in Section 2.) Thus, the V(n, k) provide a link between these special numbers which is not obvious.
In Section 5 we look, more generally, at the Bell polynomials 'n,fc(ai> a2> 3 ~~ <*» 4 -a, 5 -a, . . . ); and we show how the results of Section 4 can be generalized. Using the theorems of Section 5, we prove several of the formulas in [2] , [10] and [11] involving the Bernoulli and Stirling numbers.
We begin with a preliminary section in which we state the basic definitions and theorems that we need.
2. Preliminaries. The exponential partial Bell polynomials Bn k(ax, a2, a3, . . .) in an infinite number of variables ax, a2, a3, . . . can be defined by means of (2.1) V-Z Bnk(ava2,...)x"ln\=( ¿ amxm/ml) .
Certain special cases are well known; for example, Bn k(l, 1, 1, . . . ) = S(n, k), the Stirling number of the second kind, and Bn k(0, 1, 1, . . .) = Sx(n, k), the associated Stirling number of the second kind [4] , [11, p. 77] . It follows that
Next we define R"(a0, ax, a2, ■ ■ ■ ) by means of (2-4) ¿ Rn(0,...,0,ar,af+v...)x»/nl=(aX/rl)(ÍaixtA .
We are assuming r> 0 and ar =£ 0.
There are useful relationships betweenBn k(ax, a2,...) andR"(a0, ax,a2,...) which we state in the next theorem [2, p. 142], [6] . We could use this theorem to prove that S(n, n -k) is a polynomial in n of degree 2k. In fact,
which is the principal reason the associated Stirling numbers were first defined. We conclude this section by defining the special numbers which are related to V(n, k). The van der Pol numbers have been the subject of several recent papers [8] , [9] .
They are closely related to the Rayleigh function of order 3/2.
The number An is defined by means of oo (2.9) (x2/2)(e* -x -I)""1 = Z Anxjn\, so An = Rn(0, 0, 0, 3, 4, 5, . . . ).
= 0
These numbers, which are similar to the Bernoulli numbers, have been examined in [3] and [6] . These numbers are discussed in [7] and [10] and are closely related to the Rayleigh function of order -3/2.
3. Properties of V(n, k). Like all Bell polynomials, V(n, k) has a fairly simple combinatorial interpretation. Consider a set partition of {1,2,...,«} into k blocks, each block containing at least three elements. If a block has m elements, assign it a "weight" of m -2. Then define the weight of the partition as the product of the weights of the blocks. It follows from (1.1) that V(n, k) is the sum of the weights of all the set partitions of {1,2, ... ,n} into k blocks, each block having at least three elements. For example, there are (3) = 35 set partitions of { 1, 2, 3, 4, 5, 6, 7} into two blocks, each block with at least three elements. Clearly, one block has three elements and the other has four elements, so each partition has weight 2. Thus, V(J, 2) = 70.
It is clear from this interpretation, or from (
The following recurrence formula can be proved.
To prove (3.1), define the polynomial Vn(y) by means of Now take y(x -1) times the partial derivative of (3.2) with respect to y and subtract (x -2) times the partial derivative of (3.2) with respect to x. Comparing coefficients of x"yk, we have (3.1). Using (3.1), we can compute the following values of V(n, k).
n/k 1 2 3 A 3  1  A  2  5  3  6  4  10  7  5  70  8  6  308  9  7  1092  280  10  8  3414  4200  11  9  9834  36960  12  10  26752  249480  15400 Other recurrence formulas can be found. If we take the partial derivative of (3.2) with respect to x, subtract y times the partial derivative of (3.2) with respect to y and compare coefficients of x"yk, we have
Also, from the partial derivative of (3.2) with respect to x, (3.5) V{n + 1, *) = "¿ (") (n -r -l)V(r, k -1).
r=0 \r/ It follows from (3.5) that V(n, k) is a nonnegative integer. It also follows that,
The proof is by induction on k. If k -2, we have, by
It is clear that if n is even, each term on the right side of (3.6) is even. Suppose n is odd: n = 1 + 2ci + • ■ • + 2C*. Then (n -r -A\r + l)(r"3) is even unless r + 3 = 1 + ex2Cl + ■ ■ ■ + es2cs, each e¡ = 0 or 1. Since 3 < r + 3 < n -2, we see there are 2s -2 (an even number) of odd numbers on the right side of (3.6). Thus, V(n + 1, 2) is even, and it now follows easily from (3.5) that V(n, k) is even for k >2.
We next define numbers W(n, k) which are related to V(n, k) in the same way It follows that W(l, 1) = -2, W(n, 1) = n -2 if n > 1, W(n, n) = (-2)" and
It also follows from (3.7) that
where S(n, k) is the Stirling number of the second kind.
Using the same method we used for V(n, k), we can derive the following recurrence:
It follows that W(n + 1, n) = 0. Also, the following table of values for W(n, k) can be constructed.
n
It follows from (3.7) that W(n, k) = Bnk(-2, 0, 1, 2, 3, . . . ). Therefore, by Theorem 2.2, we have
which can be compared to (2.5). Since the summation in (3.11) really starts at / = [(it 4-l)/2], we see that W(n, n -k) is a polynomial in n of degree 2k -
We also have [2, p. 136], [5] :
A. Relationship of V(n, k) to Special Numbers. We now show how the numbers defined in Section 2 can be expressed in terms of V(n, k). If we let There are many special cases of (5.1) and (5.2) that are of interest. For example, Bnk(0, 210) = n\S(n -k, k)/(n -*)!,
"ikH, 210) = (£)*"-*.
B.
Bn>kix, 210)=^ ± (fj(k-rr-*ix-lY, and there are other similar formulas, of which (3.12) and (3.13) are special cases [5] .
Using exactly the same method we used to derive (3.1), we can find a recurrence formula for Bnk(av a2\a). Letting Bnk = Bnk(ax, a2 la), we have «Bn + i* = [» + («" lWn¡k ~ knBn_lk + c0Bnk_x + ncxBn_Xk_x + n(n -l)c2fi"_2;fc_1 + "(" -i)(" -2yj3Bn_3k_x,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where c0 = axa, ci =a(a2 ~ai)> c2 = -a2/2 + (3 -a2)a/2 + a1 -a2¡2, c3 = a/2 -1 4-a2¡2.
Also, B00 = l,Bn0 = 0\fn>0,BnX = n -a if n > 2, Bnk = 0 if n < k.
Finally, as an application of formulas (5.3)-(5.6), we show how some of the formulas in [2] , [10] and [11] involving Bernoulli and Stirling numbers can be proved.
Using the special values of Bn k(av a2 la) and R"(a0, av a2 la) Usted earlier, we have, from ( [6] . 6 . Inverse Array for W(n, k). If W(n, k) is defined by (3.7), it is possible to find an inverse array (w(n, k)) (n = 0, 1, 2, . . . ; k = 0, 1, . . . , n) such that (6.1) ¿ (-2TkW(n,k)w(k,i) = bnj= Z w(n, kX-2pW(k, f). We begin by defining fiz) = (1 -z/2X^ -1), so that exp(*/Tz)) = 1 + Z -Z (-2)_fcW(/i. k)xk.
71=1 "! fc=l
If g(z) is the inverse of j\z), i.e. f(g(z)) = gifiz)) = z, we define w(n, k) by means of 'n+r-V (k + r-l)\2~rs(n, k + r) ] Formula (6.2) now follows from (6.3) and (6.4).
It follows from (6.2) that w(n, n -k) is a polynomial in « of degree 2k. We From (6.1) we have w(n, n) = 1, w(n, n -1) = 0, w(n, n -2) = (-lf-i22-nW(n, n -2), w(n, n -3) = (-l)n23-n W(n, n -3).
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